The mechanism of superstability of nanobubbles in liquid confirmed by many experimental studies is still in debate since the classical diffusion predicts their lifetime on the order of a few microseconds. In this work, we study the requirement for bulk nanobubbles to be stable by using molecular dynamics simulations. Periodic cubic cells with different cell sizes and different initial radii are treated to simulate the nanobubble cluster, providing the equilibrium bubble radius and the interbubble distance. We find out that for nanobubble with a certain radius R to be stable, the interbubble distance should be smaller than the maximum interbubble distance L * being proportional to R 4/3 .
Introduction
In the past decade, nanobubbles (NBs) in solution have been attracting the great attention due to their promising applications in various industrial fields such as medicine, agriculture, mining, environment, etc. [1, 2, 3] In fact, they are being widely used for molecular imaging and therapy in medicine [4, 5, 6, 7, 8, 9] , for promoting the growth of plants by enhancing the metabolism in agriculture, for increasing the flotation recovery of fine and ultrafine mineral particles in mining [10, 11] , and for treating the wastewater by utilizing those filled with various kinds of gas like ozone in environment [12, 13, 14] . This is associated with their unique mechanical and physicochemical characteristics such as extremely high specific area (surface area per volume), small buoyant force, free radical generation and high energy release in the gas-liquid interface before their collapse [1] . In spite of such successful applications, the main issue of the stability and size of NBs, which is important to understand the behaviour of water including NBs, is yet unclear.
In general, macrobubbles of over milimeters diameter have a short lifetime like that they rise quickly in liquid and burst at the surface due to a large buoyant force. Microbubbles also have tendency to readily collapse due to their gradual decrease in size and long stagnation. Being gas filled nanocavities with a diameter from 10 to 200 nm, however, NBs were found from many experimental studies [15, 16, 17, 18] to have an amazing logevity of hours, days, or even months. In fact, NBs behave as solid nanoparticles and have no tendency to rise in liquid due to a disappearance of buoyant force. Ushikubo et al. [15] have reported that NBs filled with pure O 2 gas are stable for days, although those filled with air can survive for less than 1 h. They attributed such a long lifetime of NBs to the negatively charged gas-liquid interface, which in turn creates repulsion forces preventing their coalescence, and to the supersaturation of liquid, resulting in the reduce of the concentration gradient between the interface and liquid. Ohgaki et al. [16] also have shown that the bulk NBs can exist for over 2 weeks and found out that these bubbles were packed closely each other. From these observations, they suggested a shielding mechanism between neighboring bubbles, which acts to keep them from dissolution when the interbubble distance is sufficiently small. However, there is still lack of satisfactory explanation or consensus theory about such superstability of the bulk NBs. According to the theory of classical diffusion, the bulk NBs were expected to exist for only a few microseconds [19, 20] . In this theory, the internal pressure inside the bubble is given by P = 2γ/R due to Young-Laplace law, where γ is the interfacial tension of the bubble wall and R the bubble radius. For R = 50 nm and γ = 72 mN/m, the internal pressure was determined to be 3 MPa. Because of such extremely high internal pressure, the gas in the bubble should rapidly dissolve into the surrounding liquid in less than a few microseconds [1] . This is more obvious in the bulk NBs for its radius being much smaller than that of curvature in the surface NBs of the same size, and thus, the stability of bulk NBs is more problematic. Even NBs can not exist according to the classical thermodynamic theory.
Previously, many molecular dynamics (MD) studies on the properties of NBs were carried out. Most of MD simulation studies were dedicated to the existence of surface NBs, which are nanoscopic hemisphere found at the solid-liquid interface and observed earlier in 1990s [21, 22, 23, 24, 25, 26] . On the other hand, the bulk NBs suggested much later in 2007 [27] were studied by relatively small number of MD works [28, 29, 30, 31] . Weijs et al. [28] have studied the nucleation, growth, and final size of bulk NBs through MD simulation of binary mixture of simple fluids, each representing the liquid and the gas respectively. They showed that the bulk NBs should be close enough to be stable by exhibiting that the bubble, which was stable with proper spacing, shrank with the doubled interbubble distance. Matsumoto [29] investigated the stability of bulk NBs of different R with fixed interbubble distance, finding out that there exists a critical bubble radius for stable NB cluster, and successfully explained such behavior as well as collapse and stability of bubbles using pressure balance.
From both experimental and MD simulation studies, one can notice that the interbubble distance (L) is an important factor in stabilizing the bulk NBs and it is likely to be in a close relation with the bubble radius (R). In fact, the bulk NBs reported by Ohgaki et al. [16] have an interbubble distance of 10R or less with R ≈ 50 nm. In another MD study by Weijs et al. [28] , the ratio of L/R is about 7 at most when L is fixed as 30 nm and R ≈ 4 nm. Thus, the maximum interbubble distance L * seems not to be simply in a linear relation to R over the whole nanoscopic range, and in order to clarify this relation a systematic study on NBs of different radii is required. Since it is cumbersome to estimate the maximum interbubble distance from experiment, the simulation method could be advisable. To the best of our knowledge, however, few systematic MD studies on this problem can be found.
In this paper, we aim to clarify the relation between the maximum interbubble distance and the bubble radius by performing MD simulations of NB clusters with different values of L and R. We organize the paper as follows: In Section 2 computational details are outlined and the equation which Matsumoto [29] used for explanation of NB stability from a viewpoint of pressure balance is explained. Next, in Section 3, the results of the MD simulations are presented along with the comparison with the prediction of aforementioned equation as well as the results from other studies. Finally, the summary of findings in this study is given in Section4.
Method

Criterion for Stable Nanobubbles
The stability of nanobubble (NB) can be explained by the pressure balance introduced in Ref. [29] . The pressure balance of a spherical NB with a radius of R to surrounding liquid with a surface tension of γ is often described by the Young-Laplace (Y-L) equation as follows,
where P v is the internal pressure of the bubble and P l the pressure of surrounding liquid, respectively. It should be noted that in the Y-L equation (1) the pressure difference ∆P = P v − P l diverged as the bubble size decreases like R → 0. If the liquid is assumed to be water, the pressure of liquid water can be determined from the mass density using the equation of state (EOS). Here, the liquid density can be defined as the total mass of water molecules divided by the volume they occupy. As assuming the bubble to have a shape of sphere, the liquid density can be written as follows,
where m and N are the mass and number of water molecules respectively, and V the cell volume. For the EOS of liquid water, it was suggested that the water pressure should be a linear function of liquid density in the range of swelled state, in which the density is less than that of liquid water in normal state (1000 kg/m 3 ) [29] . Then, the pressure of liquid water (P l ) can be provided as follows,
where A and B are the parameters that will be determined during the linear fitting of simulation result, respectively. From the above Eqs. (1) and (3), the stability condition of the bulk NB can be derived as follows,
By solving this equation (4) with the given values of V and N numerically and/or analytically, we can get two solutions for the bubble radius R, which correspond to the equilibrium radii of stable bubble (bigger R) and instable bubble (smaller R). Based on this equation, therefore, we can derive the relationship between the interbubble distance and the bubble radius for stable NBs by performing molecular dynamics (MD) simulations.
Molecular Dynamics
The MD simulations are carried out using the GROMACS program (version 4.52) [32] . Liquid is simulated by a great number of water molecules and cavities are created by removing a group of water molecules inside to simulate the bulk NB. The interaction between water molecules is described by CHARMM27 [33] force field with a cutoff radius of 1.2 nm. The canonical ensemble (N, V, T constant) MD simulations are performed to get the equilibrium state at the given temperature (T ), where the velocity rescaling thermostating procedure is employed to keep the temperature constant. The initial velocities of atoms are generated according to the Maxwell distribution at room temperature of 300 K.
Firstly, a periodic cubic cell with a certain length (L), which is filled with a certain number of water molecules determined by the mass density of ∼ 1,000 kg/m 3 , are equilibrated at 300 K for the total simulation time of 50 ps with a tiemestep of 2 fs. Then, some water molecules in the spherical region of radius (R) are removed from the cell to simulate the bulk NB. Due to the periodic boundary condition (PBC) in all the three directions to model the nanobubble cluster, the cell size L directly serves as the interbubble distance. Subsequently, the NVT simulation is performed on this NB containing cell for the total time of 10 ns to verify whether the bubble is stable or not. If the bubble is proved to be stable, the simulation is continued up to 60 ns to examine the change of the bubble radius over simulation time. The bubble radius is estimated from its spherical volume determined by counting the number of vacant minicells with the dimension of 0.05 ×0.05 ×0.05 nm composing the cell.
In order to find out the relation between the maximum interbubble distance L * and the bubble radius R, above procedure is repeated for the cells with different cell sizes and different radii of bubble. The cell lengths taken in this work are 5, 8, 10, 12, and 15 nm, and in each case of L, the bubble radius R increases systematically from a sufficiently small value in order to determine the least stable bubble radius R * .
Results and Discussion
First, we performed NVT simulations of cubic cells filled by a determined number of water molecules with different cell lengths (L = 5, 8, 10, 12, 15 nm) to obtain the equilibrated bulk liquid models at room temperature of 300 K. The total time was 50 ps, by which the systems were confirmed to be fully equilibrated. Then, cavities with different initial radii (R ini ) were created by removing the corresponding water molecules in each cubic cell. Subsequently, the NB-containing cubic cells were equilibrated by performing NVT simulations for the total time of 10 ns. It was found that according to the cell length and initial cavity radius some NBs collapsed in a relatively short time within hundreds of picoseconds, while some NBs could exist for a long time of over 60 ns. Figure 1 shows some snapshots of NVT simulations for the NB containing cubic cells of L = 10 nm with two different initial cavity radii of R ini = 2.6, 2.7 nm. As shown in Figure 1(a) , the bubble with R ini = 2.6 nm was found to shrink and completely disappear within 320 ps. For the case of R ini = 2.7 nm shown in Figure 1(b) , however, the bubble was found to contract to the equilibrium size of R equ ≈ 2.1 nm almost instantly (within 100 ps) and remain in its stable state for over 60 ns. It is worth noting that once the NB is found to be stable, it has a fluidity in liquid similar to the Brownian movement of nanoparticle in liquid; its center is not fixed at the center of the cell but moves around after it has become equilibrium. In Figure 2 we present the variation of the bubble radius in the NB containing cubic cell of the cell length L = 10 nm with different initial cavity radii of R ini = 2.6, 2.7, 3.0, 3.3, 3.5 nm. As already above mentioned, the bubble with the initial cavity radius of R ini = 2.6 nm is evident to collapse due to an abrupt decrease of the cavity radius to almost zero within 320 ps. On the other hand, for the rest stable nanobubbles, the initial cavity radius was seen to quickly arrive at the equilibrium value within 100 ps and after that do an equilibration around that value. It should be noted that the shift of cavity radius from the initial value to the equilibrium value becomes more significant for smaller R ini .
Similar results were obtained for other cells with different cell lengths. Table 1 present the main result of simulations for NB containing cubic cells with different cell length L, different initial cavity radii R ini , and the corresponding number of water molecules N. The bubbles could be divided into two types: to be unstable, for which the collapse time (t c ) is given, and to be stable, for which the equilibrium radius (R equ ) is presented. For instance, in the case of cell with the cell length L = 10 nm, the bubbles with the initial cavity radii R ini = 2.4, 2.6 nm were found to be unstable, whose the collapse times were determined to be 54 and 320 ps, respectively. Thus, it can be said that smaller bubble collapses more quickly. On the contrary, the bubbles with the initial cavity radii R ini = 2.7, 3.0, 3.3, 3.5 nm turned out to be stable, whose equilibrium radii were estimated to be R equ = 2.12, 2.71, 3.13, 3.37 nm, respectively.
It should be noted that although the stable bubble moves constantly and changes in size, the interbubble distance is kept constant as L due to the periodic boundary condition. Therefore, we can derive the relation between L and R based on the results given in Table 1 . To this end, the critical initial radius for stable bubble should be determined for all the cells. For the case of L = 10 nm, it was determined to be R * ini = 2.7 nm, and the corresponding critical equilibrium radius was R * equ = 2.12 nm. Such consideration is carried out for the cases of different cell lengths L = 5, 8, 10, 12, 15 nm, resulting in R * equ = 1.33, 1.75, 2.12, 2.43, 2.79 nm. Meanwhile, it was found that the bubble with R ini = 2.7 nm is stable in the simulation cell of L = 10 nm, but it collapses within 26 ps in the cell of L = 15 nm. This indicates that wider spacing requires larger radius for stable NBs; longer interbubble distance prefers to larger radius of stable bubble, as already pointed out in the previous works [28, 34, 35] . Now, we can identify this relationship analytically using the pressure balance given in Eq. 4. In this equation, the internal pressure of the bubble should be zero, because the bubble does not contain any water molecule as can be seen in Figure 1 , i.e., P v = 0. On the other hand, the pressure of surrounding liquid water was obtained to be a large negative value, indicating that the liquid water was in a swelled state. This was verified by evaluating the density of liquid water using Eq. 2, being smaller than the normal liquid water density of 1000 kg/m 3 . In Figure 3 tion from 920 to 1020 kg/m 3 , and then the pressure becomes positive over the density of 1005.7 kg/m 3 being very close to the density of water at normal state, as shown in Figure 3(b) . This implies that the linear function is valid in the density region of normal state as well as swelled state. Thus, the obtained fitting parameters (A = 1.024, B = −1029.430) can be used in safe to identify the relationship between the interbubble distance and the bubble radius. To this end, we rewrite Eq. 4 using the cell length L (interbubble distance) instead of volume V as follows,
where the surface tension γ can be obtained from the liquid water pressure and the bubble radius using Eq. 1. Figure 4 shows the surface tension as the bubble radius increases, indicating a weak fluctuation around the average value of 64.177 N/m. For an interpretation of Eq. 5, we plots the liquid pressure P l derived from Y-L equation (Eq. 1) and those from the fitted linear function with the parameters A and B as functions of bubble radius in Figure 5 . Black solid line presents the P l curve from the Y-L equation and the colored lines present the curves from fitted functions. The curves of pressure from the fitted function shift upward when increasing the number of water molecules N, and this will contact with the P l curve at the certain value of N (see blue solid and dashed lines in Figure 5 ). This point of contact accounts for the least stable bubble radius, i.e., the critical equilibrium radius (R * equ ) for a given interbubble distance L, and vice versa, it is the maximum interbubble distance (L * ) for a given bubble radius R. Meanwhile, this point moves towards the right along the P l curve when increasing the cell length of L (from blue dashed line to red dashed line in Figure 5 ). Therefore, the relation between L * and R, the major concern in this study, can be obtained as follows (see Appendix for details),
where the first term 4γ/R = −2P l , which is approximately 300 MPa when R = 1 nm, and the second term 3B ≈ 3000 MPa. That is, the term 4γ/R is much smaller than the term 3B when R increases; it is negligible for R > 10 nm. Therefore, Eq. 6 can be approximated as follows
This was proved to be a good approximation since the curve derived from this equation (Eq. 7) was almost identical to the curve derived from Eq. 6. We verified a validity of this approximate equation by comparing with those from simulation and experiment. Figure 6 shows the interbubble distance as a function of bubble radius obtained from Eq. 7 together with some MD simulation results and available experimental result. It was revealed that the data of R * equ and corresponding L from our MD simulation (Table 1) represented as green circles were very close to the prediction of 
Figure 6: Interbubble distance versus bubble radius. Sim, exp and prev stand for simulation, experiment and previous result, respectively. Green circles represent the equilibrium bubble radii R * equ from this work, red triangle from Ref. [28] , red square from Ref. [29] , and black diamond from Ref. [16] . Inset shows the curve extended up to R = 50 nm. Eq. 7 (blue line) with slightly being larger. Such difference can be attributed to the design of simulation. Since we determined R * equ by systematically increasing R ini with the interval of 0.1 nm, it was close to the least value of stable bubble radius but not the same; it must be larger than the prediction. It might be thought that more deliberate consideration with smaller interval of R ini can give closer result. In fact, as shown in Figure 7 , we performed such simulation with the cell length of L = 10 nm with the interval of 0.01 nm, resulting in R * equ = 1.864 nm that is almost indentical to the prediction of 1.869 nm. Moreover, the bubble radius R for the point of contact in Figure 5 was slightly underestimated for R * equ since it was not the stable equilibrium point. As mentioned earlier, even if the bubble would be stable, its radius R constantly fluctuated around the equilibrium value R equ over time and the range of its change expanded as R equ approached to R * equ . And once R gets smaller than the unstable threshold (open circle in Figure 5 ), the bubble shrinks and disappears [29] as being apparent in Figure 7 . In this figure, the bubble with R ini = 2.62 nm was found to survive for 2.5 ns before it suddenly collapsed. For NBs to prevent such collapse and to become stable, R * equ should be estimated to be slightly larger than R for the point of contact to ensure that its change does not exceed the unstable threshold. Therefore, our simulation result was in good agreement with the curve of L * . On the other hand, the MD simulation results from Matusmoto [29] and Weijs et al. [28] (red square and triangle in Figure 6 ) were found to agree with our result as well. The experimaental result from Ohgaki [16] was also shown in the inset as a black diamond. These points are near or under the curve of L * , meaning that the interbubble distances are small sufficiently; it is less than the maximum interbuble distance L * , hence support for Eq. 7. Consequently, this relationship between the maximum interbubble distance and the bubble radius − derived from the pressure balance, is not only valid when R is in the range of a few nanometers considered in this work, but also expected to be applicable in the cases of larger R and L, where MD simulation is currently not affordable becasue of immense calculation cost. For NBs to be stable, therefore, the interebubble distance should be smaller than L * , which is proportional to R 4/3 .
Conclusions
In this work, we have performed molecular dynamics simulations to investigate the stability of nanobubbles in liquid water. Periodic cubic cells with different cell sizes and different initial bubble radii were treated to simulate the nanobubble cluster with a certain interbubble distance. The relationship between the interbubble distance and the bubble radius in stable nanobubble cluster was clarified. From both the MD simulations and the consideration from a viewpoint of pressure balance, it was revealed that for nanobubbles of a certain radius R there exists the upper limit for interbubble distance. We have derived this limit, i.e. the maximum interbubble distance (L * ), to be proportional to R 4/3 , and confirmed its validity through a comparison with the MD simulation results and available experimental result. We believe that this relationship is useful in practical applications of nanobubble by deteriming the stable bubble concentration in solution. 
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Appendix
The relation between the simulation cell length and the stable bubble radius is clarified. The stability condition of nanobubble can be written as follows,
From this equation, the liquid density is given as follows,
Differentiating both side of the equation gives the following equation,
If the two solutions of Eq. A1 are assumed to be R 1 and R 2 , the water densities at those points are as follows, 
